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Abstract 

The fundamental solution of the Schrodinger equation for a free parti- 
cle is a distribution. This distribution can be approximated by a sequence 
of smooth functions. It is defined for each one of these functions, a com- 
plex measure on the space of paths. For certain test functions, the limit 
of the integrals of a test function with respect to the complex measures, 
exists. We define the Feynman integral of one such function by this limit. 



1 Introduction 

The goal of the present article is to provide a mathematically sound defi- 
nition of the standard Feynman path integral representation of the unitary 
evolution operator e"**'^^ in the quantum mechanics which is generated by 
a Hamiltonian H=H* with a potential. That is, the distribution kernel of 
^-ithH -g expressed in terms of a path integral weighted with ex.p[iS{x {■))], 
where S is the classical action corresponding to the Hamiltonian H. 



THE FEYNMAN INTEGRAL AS A LIMIT OF COMPLEX MEASURES 



Although this is an old subject, we recommend to look, for example, at 
the references [2], [21] and [12]. Each of them represents a distinct line of 
thought about the field. The first reference, in particular, gives a complete 
list of references. 

While an analogous idea leading to path integral representations, called 
Feynman-Kac formulas, of the corresponding semi-group e~^^ is firmly an- 
chored in the theory of stochastic processes, the construction of the above 
Feynman path integral for e~**^^ as an oscillatory integral is notoriously dif- 
ficult. There are various No-go theorems limiting the possibilities to begin 
with. 

These mathematical difficulties are largely ignored by the theoretical 
physics community. For instance, the quantization of field theories, no- 
tably gauge theories, is entirely based on the Feynman path integral, as a 
formal procedure, despite its lacking of mathematical foundation. 

So, for these reasons, mathematical progress towards the construction of 
the Feynman path integral, even if very small, deserves appreciation. 

We will present the mathematical difficulties and the current develop- 
ments of the Feynman path integral. 



1.1 Various known approaches to the rigorous construction of 
the Feynman path integral representation to the solution of 
the Schrodinger equation 

The Feynman path integral is known to be a powerful tool in different do- 
mains of physics. At the same time, the mathematical theory underlying 
lots of (often formal) physical calculations is far from being complete. Var- 
ious known approaches to the rigorous construction of the Feynman path 
integral representation to the solution of the Schrodinger equation 

(1) ^ = (_i_A_iv.(,))^ 

(and its generalizations that include magnetic fields) can be roughly divided 
into three classes. In the approaches of the first class, the Feynman integral 
is not supposed to be a genuine integral, but is specified as some generalized 
functional on an appropriate space of functions, which can be defined, for 
example, as the limit of certain discrete approximations (see e.g. [18] and 
more recent papers [31], [32], [39]), by means of analytical continuation (see 
e.g. [30], [33] and references therein), by extensions of Perceval's identity 
and by related axiomatic definitions (see [1], [3], [9], [37], [51] and references 
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therein) or by means of the white noise analysis (see [29]), see also [52] 
for the discussion of path integral applied to the Dirac equation. These 
approaches still cover only a very restrictive class of potentials, for example, 
singular potentials were considered only by white noise analysis approach 
but only in one-dimensional case (see e.g. [5] and references therein). 

In the approaches of the second class, one tries to define the infinite di- 
mensional Feynman integral as a genuine integral over a bona fide cj-additive 
measure on an appropriate space of trajectories. The first attempt made in 
[24] to construct such a measure was erroneous and led to understanding 
that there is no direct generalization of Wiener measure that can give an 
analog of Feynman-Kac formula for the case of Schrodinger operators. A 
correct construction of the Feynman integral in terms of the Wiener mea- 
sure was proposed in [15] and was based on the idea of the rotation of the 
classical trajectories in complex domains. Namely, changing the variables x 
to y = in equation (1) leads to the equation 



which is of diffusion type (with possibly complex source) and can be treated 
by means of the Feynman-Kac formula and the Wiener measure. Clearly this 
works only under very restrictive analytic assumptions on V (see e.g. [25], 
[26]). However, if one is interested only in semi classical approximations to 
the solutions of the Schrodinger equation one can obtain along these lines 
an approximate path integral representation for even non-analytic potentials 
that yields all terms of semi classical expansion (see [4]). 

Another approach to the construction of the genuine path integral ini- 
tiated in [40], [41] defines it as an expectation with respect to a certain 
compound Poisson process, or as an integral over a measure concentrated 
on piecewise constant paths, see e.g. [13], [30], [36], [46], and references 
therein. Though this method was successfully applied to different models 
(see e.g. [23] for many particle problems, [49] for simple quantum field 
models, [10] for computational aspects and tunneling problems, [22] and 
[34] for Dirac equations), the restrictions on interaction forces were always 
very strong, for example, for a usual Schrodinger equation, this approach 
was used only in the case of potentials which are Fourier transforms of finite 
measures. However in [37], [38] following this trend, a construction was 
given that covered already essentially more general potentials. To achieve 
this, one uses a coordinate representation for the Schrodinger equation (and 
not the momentum representation as in [41]) and also uses an appropriate 
regularization of the Schrodinger equation. 
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A more physically motivated regularization to (1) (but also technically 
more difficult to work with) can be obtained from the theory of continuous 
quantum measurement (see [37], [38] for the corresponding results). 

In the original papers of Feynman the path integral was defined (heuris- 
tically) in such a way that the solutions to the Schrodinger equation were 
expressed as the integrals of the function exp{iS}, where S is the classical 
action along the paths. It seems that rigorously the corresponding measure 
was not constructed even for the case of the heat equation with sources 
(notice that in the famous Feynman-Kac formula that gives rigorous path 
integral representation for the solutions to the heat equation a part of the 
action is actually hidden" inside the Wiener measure). 

In this article we give a possible definition of the Feynman integral which 
is related to the first class of approaches above. 

The mathematically detailed exposition of the result and its proof starts 
in Section 2, called Algebraic exposition in a very general and abstract way. 
There are explanations, motivations, and examples given in this section, of 
what the objects introduced are good for. 

The reader should be willing to go on to Sections 3 and 4, which are 
called Topological exposition and Analytic exposition. We define an integral 
of cylindrical functions" by means of multiple integrals with respect to finite 
measures. We define a topology on the space of configurations with which 
the defined integral has a continuous extension to the set of continuous 
functions on the space of paths. This extension has a unique representation 
as a regular and finite Borel measure on the space of paths. In addition, the 
integral can be defined in terms of a measurable and nonnegative function 
on the time interval and the space of configurations. Examples hint the 
reader of the eventual use of the definitions and theorems introduces up to 
this point. 

Sections 2 till 4 apply to the main results presented in Section 5 and 
Section 6. In Section 5, the Wiener integral is being discussed as an example 
of this type of integral, and should convince the reader of the power of the 
notion of Feynman path integral introduced in this paper. 

In Section 5.1, we consider the Schrodinger equation for a free particle in a 
compact space. The fundamental solution of this equation is a distribution. 
We approximate this distribution by a sequence of smooth functions. We 
consider the sequence of complex measures corresponding to these functions, 
as in Section 3. We define a class S of test functions on the space of paths. 
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The class of test functions used here is wide (Cf Section 5.1), it contains a 
sufficiently rich space of functions and allows the existence of a Feynman 
measure. For all test functions, the limit of the integrals of the function with 
respect to the complex measures exists. We define the Feynman integral of 
a test function by this limit. 



2 Algebraic exposition 

In this section we consider four objects: 

1) an interval /, 

2) a real algebra M, 

3) a graded real algebra A so that Aq is the set of real numbers, and 

4) a collection of M-valued functions fn on the Cartesian product of 
and An such that for all t in fn{t, •) is linear. 

As with the Wiener measure, we define measures on copies of a variety 
via the kernel of the Schrodinger equation. These measures converge to a 
measure on the set of curves on the variety. 

The interval / is the interval of parameterization of the curves. 

The algebra M is the algebra of functions on the space of curves. 

The algebra An is the algebra of functions on n copies of the variety. 

The function /„ is the integral on n copies of the variety. 

3pt 

. Synopsis 

1) A homomorphism of algebra that extends the action of the functions 
of the collection, exists (Theorem 1). 

2) In Subsection 2.1, we define a product on the direct sum of the algebras 
generated by the Cartesian product of /" and An that turns it into an 
algebra with identity. 

3) In Subsection 2.2, we consider an algebra M, an algebra A and a col- 
lection of functions /i , /2 , . ■ . for which the homomorphism of Theorem 
1 is a homomorphism of algebras. 

4) In Subsection 2.3, we define the homomorphism of Theorem 1 by means 
of multiple integrals with respect to finite measures of bounded and 
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measurable functions. This homomorphism induces a homomorphism 
in the algebra of functions on the paths on a set. 



For each natural number n, we denote by Af„ the free real algebra gener- 
ated by the Cartesian product of /" and An ■ 



Lemma 1. There exists a unique real homomorphic extension hn on Mn — > 
M of each function of the collection so that the following diagram commutes: 




J" X An fn 



M 



This is a consequence of Proposition 7.49 in [48]. 
We denote by 

Nn ■ the sub-algebra generated by the set 
{{t,a+rb) — {t,a)—r{t,b) G M„ so that r is real,t £ and a,b are in An}, 

Mn/Nn '■ the quotient algebra, and 

TTn on Mn — > Mn/Nn, the natural map. 



Lemma 2. The homomorphism hn factors through the sub-algebra, i.e., 
there exists a unique real homomorphism Hn on Mn/Nn M so that the 
following diagram commutes: 




(2) 
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The sub-algebra Nn is in the kernel of the homomorphism hn (fn(t, ') 
is linear). Therefore, there exists a unique real homomorphism Hn on 
Mn/Nn M SO that (2 ) commutes. 

We denote by M^/N^, the direct sum of the algebras Mn/Nn- 



Theorem 1. There exists a homomorphism on M^f/N^, — > M that ex- 
tends the action of the functions fn ■ 

Consider 

• a set X, and 

• a a-algebra S of X. 

Definition 1. For each natural number n, 

1) we denote by T, the product of a-algebras 

2) set An the real algebra of a collection of bounded and measurable func- 
tions on X"', 

3) for ti, tn in I, 

• we denote by i^ti,...,t„ the number of elements of{ti, tn}, 

• write {ti, tn} as {ui, u^^^ ^^^}, and 

• consider the function fti,...,t„ on {1, n} — > {1, #ti,...,j„} so 
that 

ti = Uft, t„«' i = l,:;n, 

4) consider a function m„ on the family of the subsets of I of n elements 
to the set of finite and non negative measures on (^"S, and 

5) set fn the function on the Cartesian product of /" and An so that 

fn(tli ■••^tm 0,) 

(3) =G o(xj,^_ xj,^_ ^,^(„))(im#,^_..._,^ i{ti, tn}), 

ti, tn in I, a in An. 

Example 1. Let M be the real numbers. 

We will demonstrate that there exists a homomorphism on M^/N^ to the 
real numbers that extends the action of the functions /„ (Theorem 4). 
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2.1 A structure of algebra for the direct sum of the quotient 
algebras 

We define a product on the direct sum of the quotient algebras that turns it 
into an algebra with identity. 



Definition 2. Consider the product on M^^/N^, defined as ((ti, t2), 0,102), 
ti in and oi in A^ for some ni, i=l, 2; so that it distributes the sum. 

The product is associative. 



Theorem 2. M^/N^ with the product of Definition 2 is a real algebra with 
identity. 



Example 2. Let 

• X be a locally compact and normal HausdorfF space, and 

• An be the real algebra of bounded and continuous functions on X". 

We will demonstrate that the integral (3) has 

• a continuous extension to the set of continuous functions on the curves 
on X (Theorem 5), and 

• a unique representation as a finite regular Borel measure on the curves 
on X (Theorem 6). 



2.2 The homomorphism of Theorem 1 as homomorphism of al- 
gebras 

We consider an algebra M , an algebra A and a collection of functions 
/i)/2)--- for which the homomorphism of Theorem 1 is a homomorphism 
of algebras. 



Consider 
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• a nonempty set X, and 

• the indexed family {Xt so that t £ 1} so that 

Xt = x, tel. 

We denote by 

JJ^Xf : the product of the Xt, and 

t 

Pt on JJXu^Xt, the projections. 

u 

Set M the real algebra of functions on YlfX^. 
For each natural number n, 

• set An the real algebra of a collection of functions on X", and 

• consider the function /„ on the Cartesian product of /" and An — > M 
so that 

(4) ...,t„;a)[7r] = a(pji(7r), ...,pt„(7r)), vreJJXt. 

t 

By (4), it is easy to prove that the function fn(t, ■) is linear, t in J". 



Lemma 3. The homomorphism of Theorem 1 is a homomorphism of real 
algebras, i.e., 

Hn+oit,u;ab) = Hn{t,a)Ho{u,b). 

Write t as (ti, tn) and u as (ui, Uq). 

Hn+o{t,u;ab)[7r] = (a6)(pti(7r), ...,pt„(7r),p„i(7r), ...,p„„(7r)) 
= a{pt, (tt) , . . . , pt„ (tt) {7t),...,Pu,{7t)) 
= Hnit,a)[7r]Hoiu,b)[7r]. 



Theorem 3. The homomorphism H^, on Mt,/Nt, M is a homomorphism 
of real algebras. 



This is a consequence of Definition 2 and Lemma 3. 
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Example 3. Let X be a complete Riemann manifold. 
We will define a measure on the space of curves on X in terms of a measur- 
able and nonnegative function on the interval of parameterization and the 
manifold. An example of this type of measure is the Wiener measure. 



2.3 The homomorphism induced in the algebra of functions on 

Definition 3. Consider the homomorphism i* on H*M*/N* to the real 
numbers so that the following diagram commutes: 



M,/K 




IR 



m 



(5) 



Theorem 4. There exists a homomorphism h* on M*/N* to the real num- 
bers that extends the action of the functions fn- 

By (3), it is easy to prove that the function fn(t, ■) is linear, t in I'^ . 
Then, the theorem is a consequence of Theorem 1, where in this case M is 
the set of real numbers. 



3 Topological exposition 

We define a topology on the set X so that the induced homomorphism has 
a continuous extension to the set of continuous functions on WiXt. 

Suppose that 

• X is a locally compact and normal Hausdorff space, and 

• Ti is so that for every natural number n, the continuous functions on 
X^ are measurable. 
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Set An the real algebra of bounded and continuous functions on X^. 
Consider the product topology on YlfXf. 

We denote by C(Yl^Xf) the set of continuous functions on Yl^Xf with 
the uniform metric. 



Lemma 4. The composition of a continuous function f on the Cartesian 
product of copies of X with projections pt, Pu', i- e., f (pt, Pu), is 
continuous on Xf . 

Each projection pt is continuous (Theorem 3.7 in [50]/ Therefore, the 
function f (pt, Pu) is continuous. 



Lemma 5. Given two points vr, zu of the product Yl^Xt, there exist (i) an 
element t in I, and (ii) a bounded and continuous function f on X, such 
that f separates the images of the points under the projection pt: 

fipM) / f{pt{w)). 

There exists an element t £ I so that the corresponding projection sepa- 
rates the points: 

By the Theorem of Urysohn ([60], page 238), there exists a continuous func- 
tion f on X to [0, 1], so that it separates the images of the points under the 
projection. 



Definition 4. If X is not compact, then by Alexandroff's Theorem ([50], 
page 217), X has a Hausdorff one-point compactification, which we denote 
by X also. 



Lemma 6. Yl^ Xt is compact. 

This is a consequence of TychonofJ 's Theorem ([60], page 205). 



Lemma 7. The image of the homomorphism of Theorem 3, H^,M^/Ntf, is 
a dense subspace of the set of continuous functions C (Y\^ Xt). 
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The image of the homomorphism H^M^/N^ is contained in the set of 
continuous functions C(Y\^Xt) (Lemma 4). By the Theorem of Stone and 
Weierstrass ([28], page 95), H^M^:/N^ is dense in C(Y\^Xt) (also see Lem- 
mas 5 and 6). 



Theorem 5. The homomorphism of Definition 3, i*, has a linear and con- 
tinuous extension F to the set of continuous functions C(Yl^Xt). 

This is a consequence of Lemma 7 and the inequality 



<G i^#ti,...,t„ sup\a\dm#,^^ ,^{{ti,...,tn}), ti,...,tn e I;ae An- 
4 Analytical exposition 

The extension of Theorem 5 has a unique representation as a finite regular 
Borel measure on Xf . 

In Subsection 5, we define a measure on the space of curves on a complete 
Riemann manifold in terms of a measurable and nonnegative function on the 
interval of parameterization and the manifold. An example of this type of 
measure is the Wiener measure. 



Lemma 8. The linear functional F is nonnegative: Ff >0, f a continuous 
and positive function on Yl^ Xf. 

The linear functional F is continuous (Theorem 5): for all e >0, exists 
6 >0 such that 



The minimum of f is greater than Zero (Lemma 6). The image of the 
homomorphism of Theorem 3 is dense in C(W^Xt) (Lemma 7): there 
exists m in M^^/N^, such that 




(6) 



sup 1/ — c| < 6 implies Ff > Fc — e, 







t, 



t 
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By (7) and (6), 

Ff > FH^m - e 

= i^:H^m — e {by Theorem (5)) 
= /i^,m - e {by (5)) 
> -e, 
by (8). Therefore, Ff >0. 

Lemma 9. Consider a continuous function f on Xt to [0, £ fty). Then, 
Ff>0. 

Notice that 

max{5,f{7r)}-f{7T)<6, 5 > 0, vr G X^, 

t 

and since the linear functional F is continuous (Theorem 5): for all e >0, 
exists 5 >0 such that 

Ff > Fmax{6,f}-e 
> -e, 

by Lemma 8, where in this case f"=max{6, /}. Therefore, Ff >0. 

Theorem 6. The linear functional F has a unique representation as a finite 
regular Borel measure m on Hi '■ 

Fc=£tYi^XtCdm, c e C ^Jl^t 

This is a consequence of Theorem 5, Lemma 9 and the Riez Representation 
Theorem (Theorem 22.8 in [42] J. 

5 Measures in the space of curves on a complete Riemann 
manifold 

We define a measure on the space of curves on a complete Riemann man- 
ifold in terms of a measurable and nonnegative function on the interval of 
parameterization and the manifold. An example of this type of measure is 
the Wiener measure. 
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Set X a complete Riemann manifold. 
We denote by dx the Riemann volume measure. 



Definition 5. Consider 

• an element xq G X, and 

• a measurable function f on the Cartesian product of l'^ and X^, to [0, 
oo) so that for to, tn in I, \Yi=if(ti-i, ti, Xi)dxi is a finite 
measure on X^ . 

Order to, tn as tn < ■ ■ ■ < t'u and in Item 4 of Definition 1, set 

#to,...,tn 

dmn{{to,...,tn}) = f{ti_i,ti,Xi-i,Xi)dXi. 
i=l 

For this f , we define the regular and finite Borel measure on Xt of The- 
orem 6. 



Example 4 (The Wiener measure). The Wiener measure involves a refer- 
ence to the existence of a unique fundamental solution of the heat equation 
on a complete manifold. This affirmation is considerably older than the one 
we quote here [14]. 

We denote by 

g : the metric tensor, 

Ric : the Ricci tensor, and 

A : the Laplacian acting on C°°{X). 

Suppose that there exists c >0 so that Kic>-cg. By Theorem 4.2 in [14], a 
unique fundamental solution f{t, x, y) of the equation 

du 

9^ = ^^' 



exists. The measure defined from the function / is the Wiener measure. 
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5.1 The Feynman integral of a test function 



Definition 6. Consider a function f on X to the set of the complex num- 
bers, so that ±max{0, ±3=/} and ±max{0, ±5R/} satisfy the hypothesis in 
Definition 5. We will denote by m±c^f and m±sjif the regular and finite 
Borel measures corresponding to zizmax{0, ±9/} and zizmax{0, iSR/} ac- 
cording to Definition 5, respectively. We define the complex measure m^f- 
m_^f -hi(mc^f-m_c^f). 



Consider a differential operator O that acts on functions on X. The 
fundamental solution of the equation 

.du 

is a distribution. We approximate this distribution by a sequence fi, f2, ■■■ 
of smooth functions on the Cartesian product of I and X"^ , i.e.; for a test 
function (f) on the Cartesian product of I and X, 



fc— »oo v dt 



Such sequence satisfies the hypothesis in Definition 6. We consider the se- 
quence of complex measures corresponding to this sequence of functions, ac- 
cording to Definition 6. 



Definition 7. We consider the set of test functions on the space of curves 
of the manifold for which the limit of the integrals of a function with respect 
to the complex measures exists, i.e.; for 



• a natural number n, 

• a partition t^ <ti < ... < tn of I, and 

• a function ip on X^, 



lim / 4>{xi, ...,Xn)Y\ fk{'ti-l,ti,Xi-i,Xi)dXi 



exists. 



We define the integral of Feynman of (j) by this limit. 



Important for the usefulness of any approach to Feynman integrals is the 
class of potentials we are able to handle. 
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6 The Feynman integrand for a new class of unbounded 
potentials 



We include some examples concerning the Feynman propagator for special 
potentials. These examples show the possibility of applying author's Feyn- 
man integral as a tool for constructing dynamics with a potential. 

We begin by discussing a free motion on a manifold. Even for this re- 
stricted class of systems the existence of a measure on paths is interesting. 
We will consider the equation of eigen-values of the dynamic Schrddinger 
operator in polar coordinates without potential, i.e.; consider 



three numbers n, A and v, and 
the equation 



Set 



n\ 2 

-l + TT +1^- 



2, 

We will denote by Bq the function of Bessel of order a. We will suggest 
an integral transformation in terms of the functions of Bessel as a solution, 
i.e.; consider a solution of (9) of the form 

l-OO 

(10) r^~t / Bo{kr)F{k,t)dk. 

Jo 

The functions of Bessel satisfy 

(11) 2B'^ = Bo-i — -Bi+o, 

(12) —Boix) = Bollix) +Bi+oix). 

X 

We replace (W) in (9). We use (U) and (12). 
(9) becomes 



1-- 

r 2 



Bo{kr) (^{k^ - A) F{k, t) - t)) = 0. 



Therefore, the equation of eigen-values is simplified to an ordinary equation 
in the time variable 



(13) {k^ -\)F{k,t)-i^F{k,t) = Q. 

exp(^—it (/c^ ~ ^)) solves (13). 
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We calculate 

r^~5 / exp {-it [k^ - A)) Bo{kr)dk 



(14) = 



2\/m 

We denote by p(r, t, \) the right hand side of (14:). 

We calculate the propagator of the Schrodinger equation with the solution 
of the equation of eigen-values. 

p{r,t,\)p{s,u,\) 



f 

J — ( 



-dX 



X 



-W-^i?f (^)i?f (^) s^gn{t-u) 



4:J\t\J\u 



We now construct the Feynman integrand for a new class of potentials and 
calculate the propagators. Any new method has to provide a decent class of 
V. 



is finite. This integral is finite if, for example, exists an exponent e > -1 so 



Consider a function V on (0, oo) so that for t ^0, r"^ "'B'i(-^)V(r)dr 
fir, 
that 



V{r) = 



near Zero. Consider the function 



expiU^ - {l+o)TTsignt))TTr^ "^bJ^ 



2W\t 



q{r,t) 



The propagator of the equation 

dt dr \ dr J 



has a perturbation series which is uniformly absolutely convergent in the 
time for every compact set in the variables r, s 

fkir,s;t,u) = q{r,t)q{s,u)S2Y[ / \Qix,tj)\^V{x)dx, 

t <tl < ... <tk < u. 
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Since Jo°''"^^Bo(-g^)dr and r'^~^B'i{-^)dr are finite, Definition 6 
applies. 



References 



[1] S. Albeverio, A. Boutet de Monvel-Bertier and Zd. Brzezniak, Station- 
ary Phase Method in Infinite Dimensions by Finite Approximations: 
Apphcations to the Schrodinger Equation, Poten. Anal. 4:5 (1995) 469. 

[2] S. Albeverio, R. Hoegh-Krohn and S. Mazzucchi, Mathematical theory 
of Feynman path integrals. Springer Lect. es 523, Second edition (2006). 

[3] S. Albeverio, V. N. Kolokoltsov and O. G. Smolyanov, Representation 
des solutions de I'equation de Belavkin pour la mesure quantique par 
une version rigoureuse de la formule d'integration fonctionnelle de Men- 
ski, C. R. Acad. Sci. Paris, Ser. 1, 323 (1996) 661. 

[4] G. Ben Arous and F. Castell, A probabilistic approach to semi-classical 
approximations, J. Funct. Anal. 137:1 (1996) 243. 

[5] N. Asai, I. Kubo and H-H Kuo, Feynman Integrals Associated with 
Albeverio-Hoegh-Krohn and Laplace Transform Potentials, in: Stochas- 
tics in Finite and Infinite Dimensions, Birkhauser, (2000) 29. 

[6] T. Aubin, Some nonlinear problems in Riemannian geometry. Springer 
Monographs in Mathematics, Springer Verlag (1998). 

[7] Ph Blanchard and M. Sirugue, Treatment of some singular potentials 
by change of variables in Wiener integrals, J. Math. Phys. 22 (1981) 
1372. 

[8] P.Y. Cai, A. Inomata and R. Wilson, Path-Integral Treatment of the 
Morse Oscillator, Phys. Lett. 96 A (1983) 117. 

[9] P. Cartier and C. DeWitt-Morette, Integration fonctionnelle; elements 
d'axiomatique, CRAS, Ser. 2 316 (1993) 733. 

[10] A. M. Chebotarev and R. B. Quezada, Stochastic approach to time- 
dependent quantum tunneling, Russian J. of Math. Phys. 4:3 (1998) 
275. 

[11] L. Chetouani, L. Guechi and T.F. Hammann, Algebraic Treatment of 
the Morse Potential, Helv. Phys. Acta 65 (1992) 1069. 

[12] K. L. Chung and J. C. Zambrini, Introduction to random time and 
Quantum Randomness, World Scientific (2003). 

[13] Ph. Combe et al. Quantum dynamic time evolution as stochastic flows 
on phase space, Physica A 124 (1984) 561. 



JOSE L. MARTINEZ-MORALES 



19 



[14] J. Dodziuk, Maximum principle for parabolic inequalities and the heat 
flow on open manifolds, Indiana Univ. Math. J. 32 (1983) no. 5 703. 

[15] H. Doss, Sur une resolution stochastique de I'equasion de Schrodinger 
a coefficient analytiques. Comm. Math. Phys. 73 (1980) 243. 

[16] N. Dunford and J.T. Schwartz, Linear Operators, Vol. II, Inter-science 
Publishers, New York and London (1963). 

[17] I.H. Duru and H. Kleinert, Solution of the Path Integral for the H- 
Atom, Phys. Lett. 84 B (1979) 185. 

[18] K. D. Elworthy and A. Truman, Feynman maps, Cameron-Martin for- 
mulas and an harmonic oscillators, Ann. Inst. Henri Poincare 41:2 
(1984) 115. 

[19] Erdelyi, A. Higher Transcendental Functions, The Bateman Manuscript 
Project, Vol. I, II, McGraw-Hill, New York (1953). 

[20] W. Fischer, H. Leschke and P. Miiller, Changing dimension and time: 
two well-founded and practical techniques for path integration in quan- 
tum physics, J. Phys. A 25 (1992) 3835. 

[21] D. Fujiwara and N. Kumano-Go, Journal Mathematical Society of 
Japan", 58:3 (2006) 837. 

[22] B. Gaveau, Representation formulas of the Cauchy problem for hyper- 
bolic systems generalizing Dirac system, J. Func. Anal. 58 (1984) 310. 

[23] B. Gaveau and M. Kac, A probabilistic formula for the quantum N 
-body problem and the nonlinear Schrodinger equation in operator al- 
gebra, Journ. Funct. Anal. 66 (1986) 308. 

[24] I. M. Gelfand and A. M. Yaglom, Integration in functional spaces and 
applications in quantum physics, Uspehki Mat. Nauk. 11:1 (1956) 77. 
Engl, transl. J. Math. Phys. 1:1 (1960) 48. 

[25] Z. Haba, Stochastic interpretation of Feynman path integral, J. Math. 
Phys. 35:2 (1994) 6344. 

[26] Z. Haba, Feynman integral in regularized non relativistic quantum elec- 
trodynamics, J. Math. Phys. 39:4 (1998) 1766. 

[27] G. Herzberg, Molecular Spectra and Molecular Structure, I. Spectra 
of Diatomic Molecules, Van Nostrand Reinhold Company, New York 
(1950). 

[28] E. Hewitt and K. Stromberg, Real and abstract analysis, A modern 
treatment of the theory of functions of a real variable. Springer- Verlag 
(1965). 

[29] T. Hida, H.-H. Kuo, J. Potthoff and L. Streit, White noise, an infinite 
dimensional calculus, Kluwer Acad. Publishers (1993). 



2mE FEYNMAN INTEGRAL AS A LIMIT OF COMPLEX MEASURES 



[30] Y. Z. Hu and P. A. Meyer, Chaos de Wiener et integrale de Feynman, 
in: Seminaire de Probabilites XXII, eds. J. Azema, P. A. Meyer and M. 
Yor. Springer Lecture Notes Math. 1321 (1988) 51. 

[31] W. Ichinose, On the formulation of the Feynman path integral through 
broken line paths. Comm. Math. Phys. 189:1 (1997) 17. 

[32] W. Ichinose, On convergence of the Feynman path integral formulated 
through broken line paths. Rev. Math. Phys. 11 (1999) 1001. 

[33] G. W. Johnson and M. L. Lapidus, Non commutative Operations on 
Wiener Functionals and Feynman's Operational Calculus, J. Func. 
Anal. 81:1 (1988) 74. 

[34] D. V. Kitarev and R. S. Yegikian, Feynman path integral for Dirac 
system with analytic potential, J. Math. Phys. 34:7 (1993) 2821. 

[35] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics and Poly- 
mer Physics, World Scientific, Singapore (1990). 

[36] V. Kolokoltsov, Complex measures on path space: an introduction to 
the Feynman integral applied to the Schrodinger equation. Methodology 
and Computing in Applied Probability, 1:3 (1999) 349. 

[37] V. Kolokoltsov, Semi classical Analysis for Diffusion and Stochastic 
Processes, Monograph. Springer Lecture Notes Math. Series, Vol. 1724, 
Springer (2000). 

[38] V. Kolokoltsov, A new path integral representation for the solutions 
of the Schrodinger, heat and stochastic Schrodinger equations. Math. 
Proceedings of Cam. Phil. Soc. 132:2 (2002) 353. 

[39] K. Loo, A rigorous real time Feynman path integral, J. Math. Phys. 
40:1 (1999) 64-70. 

[40] V. P. Maslov, Complex Markov Chains and Functional Feynman Inte- 
gral, Nauka (1976). 

[41] V. P. Maslov and A. M. Chebotarev, Processus 'a sauts et leur appli- 
cation dans la mecanique quantique, in: Feynman path integrals, eds. 
S. Albeverio et al. LNP 106, Springer (1979) 58. 

[42] O. Nielsen, An introduction to integration and measure theory, Cana- 
dian Mathematical Society Series of Monographs and Advanced Texts, 
John Wiley & Sons (1997). 

[43] M.M. Nieto and L.M. Simmons Jr. (1979), Coherent states for general 
potentials. III. Non-confining one-dimensional examples, Phys. Rev. D 
20 1342-1350. 

[44] N.K. Pak and I. Sokmen, General new-time formalism in the path in- 
tegral, Phys. Rev. A 30 (1984) 1629. 



JOSE L. MARTINEZ-MORALES 



21 



[45] A. Pelster, Zur Theorie und Anwendung nichtintegrabler Raum-Zeit- 
Transformationen in der klassischen Mechanik und in der Quanten- 
mechanik, Ph.D. thesis, Universitat Stuttgart, Shaker Verlag, Aachen 
(1996). 

[46] P. Pereyra and R. Quezada, Probabihstic representation formulas for 
the time evolution of quantum systems, J. Math. Phys. 34 (1993) 59. 

[47] M. Reed and B. Simon, Methods of modern mathematical physics. Vol. 
I, II, Academic Press, New York and London (1975). 

[48] J. J. Rotman, Advanced modern algebra. Prentice Hall (2002). 

[49] M. Serva, Probabilistic solutions of generalized birth and death equa- 
tions and applications to field theory, J. Phys. A 20 (1987) 435. 

[50] A. J. Sieradski, An introduction to topology and homotopy. The 
Prindle, Weber & Schmidt Series in Advanced Mathematics, PWS- 
KENT Publishing Co. (1992). 

[51] O. G. Smolyanov and E. T. Shavgulidze, Kontinualniye Integrali, 
Moscow Univ. Press (1990). 

[52] T. Zastawniak, Path integral for the Dirac equation - some recent de- 
velopments in mathematical theory, in: Stochastic Analysis, eds. K. D. 
Elworthy and J-C Zambrini, Pitman Research Notes in Mathematics 
Series, Vol. 200 (1989) 243. 



